
CSE 176 Introduction to Machine Learning
Lecture 8: Dimensionality Reduction



Recap: Kernel K-means

(Basic K-means)

(Kernel K-means)

input space feature space

embedding



Recap: Explicit Kernel     Implicit Embedding

just  plug-in




=
k

k

Sq

qSk f )(ˆ
||

1 

equivalent



Recap: kernel K-means or average association

S1

S3

S2

“self-association” of cluster Sk



K-means 

kernel K-means
make data more complex 

probabilistic K-means
make models more complex 

input space feature space

embedding



“cut” for Sk
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“self-association” for Sk

Other kernel (graph) clustering objectives

Average Association Average Cut



Today’s topics

❑Principle Component Analysis

❑Multi Dimensional Scaling (MDS)



Motivation for Dimensionality Reduction



Motivation for Dimensionality Reduction

❑Data Compression



Motivation for Dimensionality Reduction

❑Data Compression

Reduce data from 

2Dto 1D

Andrew Ng



Data Compression

Andrew Ng



PrincipalComponentAnalysis(PCA) problem

formulation

)Reduce from 2-‐dimension to 1-‐dimension:Find a direction (a vector 

onto which to project the data soas to minimize the projection error.

Reduce from n-‐dimension to k-‐dimension: Find vectors

onto which to project the data,so as to minimize the projection error.

Andrew Ng





Covariance

• Variance and Covariance:

• Measure of the “spread” of a set of points around their center of mass(mean)

• Variance:
• Measure of the deviation from the mean for points in one dimension

• Covariance:
• Measure of howmuch each of the dimensionsvary from the mean with

respect to eachother

• Covariance is measuredbetweentwo dimensions

• Covariance seesif there is a relation betweentwo dimensions

• Covariance betweenone dimension is the variance



Positive: Both dimensions increaseor decrease together Negative:While oneincrease the other decrease



Covariance

• Used to find relationships between dimensions in high dimensional 
data sets

The Sample mean



Eigenvector and Eigenvalue

Ax= λx

A: SquareMatirx

λ: Eigenvectoror characteristic vector 

X: Eigenvalueor characteristic value

• Thezero vectorcan not bean eigenvector

• Thevalue zero can beeigenvalue



Eigenvector and Eigenvalue

Ax= λx

A: SquareMatirx

λ: Eigenvectoror characteristic vector 

X: Eigenvalueor characteristic value

Example



Eigenvector and Eigenvalue

Ax-‐λx=0

(A – λI)x =0

B=A– λI 

Bx=0

x=B-‐10 =0

If we define a new matrix B:

If Bhas an inverse:
BUT! an eigenvector 

cannot be zero!!

xwill be an eigenvectorof Aif and only if Bdoes 

not have an inverse,or equivalentlydet(B)=0 :

det(A – λI) =0

Ax=λx



Example1: Find the eigenvaluesof

 −5 

2     −12
A = 1

Eigenvector and Eigenvalue



Example1: Find the eigenvaluesof

 −5 

2     −112
A = 1

=2 +3 +2 = ( +1)( +2)

two eigenvalues:−1,−2

Note:Theroots of thecharacteristicequation canberepeated.That is, λ1 = λ2 =…=λk.
If that happens, the eigenvalue issaid to be of multiplicity k.

= ( −2)( +5) +12
−2 12

−1 +5
I − A =

Eigenvector and Eigenvalue



Principal ComponentAnalysis

Input:

Set of basisvectors:

Summarize a D dimensional vector Xwith Kdimensional 

feature vector h(x)



Principal ComponentAnalysis

Basisvectorsare orthonormal

New data representation h(x)











Original Image

• Divide the original 372x492 image into patches:
• Each patch is an instance that contains 12x12 pixels on a grid

• View each as a 144-D vector

Application: Image compression



PCAcompression:

144D➔60D



PCAcompression:

144D➔16D



16 most important eigenvectors
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PCAcompression: 144D -> 6D
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PCAcompression: 144D➔3D



2 4 6 8 10 12

2

4

6

8

10

12

2 4 6 8 10 12

2

4

6

8

10

12

2 4 6 8 10 12

2

4

6

8

10

12

3 most important eigenvectors



PCAcompression: 144D➔1D



Dimensionality reduction

• PCA(Principal Component Analysis):
• Findprojection that maximize the variance

• LDA(Linear Discriminant Analysis):
• Maximizing the component axes for class-‐separation

• Multidimensional Scaling:
• Findprojection that best preserves inter-‐pointdistances

• …
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